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BINARY TILINGS AND QUASI-QUASICRYSTALLINE
TILINGS
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We introduce tilings which obey vertex matching rules and generalize the five-fold binary tilings to any
odd symmetry. In particular, quasicrystalline, crystalline or random binary tilings do exist. We also suggest
another structure, which we call a quasi-quasicrystal and which can be obtained by iteration of a
substitution.
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1 INTRODUCTION
The Penrose tilings (Penrose, 1974) are prototypes of two-dimensional five-fold
quasicrystals. They are made of two rhombs: the large tile, L, has comer angles equal
to 2 and 3 in unit of 7r/5 and the sharp tile, S, has corner angles equal to 1 and 4 in
the same unit. We introduce other tilings made with the same tiles but such that, at
any vertex, the corner angles are either all odd or all even; we call them binary tilings
(LanCon and Billard, 1988). Quasicrystalline binary tilings with five-fold symmetry
can be obtained from Penrose tilings by the decoration of the tiles shown in Figure
1. In fact this decoration can be applied to any tiling made of L and S tiles to produce
a binary tiling.
We will show how this decoration can be generalized to any odd symmetry in
order to produce (2n 1)-fold binary tilings. We will also introduce the structures
obtained by iteration of this decoration and we will show that they are not
quasiperiodic. We call them quasi-quasicrystals. We will give some properties of these
tilings using the hyper-space description and show one-dimensional analogues.

+

2 BINARY TILINGS
The five-fold Penrose tilings and the generalized quasicrystalline tilings of the plane
with N-fold symmetry are made with tiles which are the rhombs built with the vectors
{ei}i=O,N-l,
where ei has the coordinates (cos(2ni/N), sin(27rilN)). If N is odd, say
N = 2n + 1, there are n tiles. Let us call Ti (i = 1, n) the rhombs with edges parallel
to e, or e, (or those obtained from these by 2n/N rotations).
37
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Figure 1 Decoration of the Penrose rhombs (dashed lines) with smaller ones (solid lines). Circles and
arrows represent the origins and the vectors which characterize the tiles. The black disk is set on the
initial rhomb origins.

To produce a binary tiling, we set new tiles on the tiles Ti. These new tiles have the
same shapes as the tiles Tibut are smaller. Their edge length is divided by a factor
8 = 2 sin(nn/N) and their orientation is rotated by n/2N, as shown in Figures 1 and
2 for N = 5 and 7 respectively. Let fi be the N vectors which describe the edges of
the new tiles. For a given initial tile, each edge e, leads to two edges fi and fi+, drawn
from the extremities of ei and meeting at a new vertex. Thus at each vertex of the
initial rhombs is set one new tile built with the two new edges starting from this
vertex. Tllcrcfurc each original tile leads to four new tiles except thc last tile 7; for
which the superposition of two new edges occurs and which leads to three new tiles.
Any two adjacent tiles have their common edge which transforms itself in the same
way, and this allows a perfect match between the new tiles. With a suitable
renumbering of the tile types ([n, 1, n - 1, 2,. ..] -,[l, 2, 3, 4,. . .]) the n x n matrix
which gives the numbers of new tiles from the numbers of old tiles is
2

1

M=[ 1 2 1
1

2
1

31

1

(by convention the null terms are omitted in the display of the matrices).

Figure 2 Decoration of the three rhombs of seven-fold tilings (dashed lines) with smaller ones (solid
lines). Circles and arrows represent the origins and the vectors which characterize the tiles. The black disk
is set on the initial rhomb origins.
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Figure 3 Periodic binary tiling.

Choosing one arbitrary vertex of the initial tiling as the origin, we associate N
integer indices (m,, ..., mN- to any vertex of the new tiling by forming a path
along the tile edges, from the origin to this vertex. Thus its position is equal to r =
mifi. It can be easily shown that the integer sum mA =
mi can take only
three values. It is equal to zero for all the vertices which are common to the initial and
the new tiling, and one or two for the others. At vertices where mA is even, all the
corner angles of the rhombs are even multiples of n / N ; when m, = 1, they are odd
multiples. Thus this parity property is not limited to tilings with five-fold directions;
we also call binary tilings, the tilings with N-fold directions which have this property.
Any tiling made with the tiles Tican be decorated and thus different structures
may be generated. For instance, Figures 3, 4 and 5 show respectively crystalline,
quasicrystalline and random binary tilings in the case of 7-fold directions. In the next
section we also present binary tilings with a less classical structure. Note that not
all the binary tilings are obtained with the decoration described here.

::;1

c:;

Figure 4 Seven-fold quasicrystallinebinary tiling.
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Figure 5 Seven-fold random binary tiling.

3 QUASI-Q IASICRYSTALLINE TILINGS
The decoration described above has an interesting property: it can be iterated. From
an initial tiling with (2n + 1)-fold directions, the decoration generates new tiles which
can be substituted for initial ones. Up to a scaling factor, the new tiles have the same
shapes as the previous ones and thus the substitution may be done again. This
substitution has been described in the five-fold case (Godreche and Lancon, 1992)
and we present here the general case.
In order to keep constant the size of the tiles after each substitution, the lengths
are multiplied by the factor 8. To keep the same edge orientations the tiling is also
rotated by an angle - 7r/2N. T o study the properties of this substitution we introduce
the sequences of finite tilings obtained from the elementary tiles and derive a recursion
formula (Aubry, Godrkche and Luck, 1988; Godreche and Luck, 1989; Godrtche,
1989; Godreche and Luck, 1990). Let us call TIP' the finite tiling obtained after p
substitutions starting from the tiling TIo) made of only one tile Tiwith vertices
at 0, 0 e,, 0 e, ei.
At the iterationp + 1 the tilings (Tip))i=l.n
are duplicated and joined with suitable
rotations and translations to get the new tilings

+

+ +

TIP+1)

TIP)

=

u

[r', gP+"(eo)]TipIi

[,n+i,gP+'(ei)]Tip~,_i (for i # n)
u [r", gp+'(e0 ei)]TIP)
u

+

(2)

where r is the rotation of angle 2a/N around the origin 0; g is the similarity
made of the rotation - a/2N around 0 and the dilatation of factor 6' = 2 sin(nn/N).
The notation [r, t] denotes the application to a tiling of the rotation r followed by
the translation t. The relation which gives the tiling Tip+') is the relation (2) with i = n
except that the second term in the union operation is omitted. Figure 6 shows part
of a 7-fold tiling obtained after successive substitutions.

Downloaded By: [TIB-Lizenzen - TIB Licence Affairs] At: 14:14 8 July 2008

BINARY AND QUASI-QUASICRYSTALLINE TILINGS

41

Figure 6 Seven-fold quasi-quasicrystalline binary tiling.

The application g is the application which, in Figures 1 and 2, transforms the small
rhombs set on the origin (solid lines) into the large rhombs (dashed lines). More
generally there is the following inflation property: g transforms any vertex of Tip)
into a vertex of TIP+') (for p > 0). The corresponding matrix which transforms the N
integer indices of the vertices is
D
1 0
1
M,=ll-

1

(3)

. .
1 0
1 0

where II is the N x N identity matrix. The N integer indices of the tiling vertices
are also the coordinates in a N-dimensional space of some vertices of a hyper-cubic
lattice. These points are the vertices of 2D-facets which form a rough 2D-surface into
the AD-space. The tiling is the projection of this rough 2D-surface onto a plane Ell,
where E" is such that the basis of the hyper-lattice projects as (ei)i=o,N-On the other
hand, the projection of this 2D-surface onto a perpendicular (N - 2)D-space gives
some insight into the tiling structure. For instance in the case of a Penrose tiling, the
projection of the rough 2D-surface is contained in a finite domain which is the
projection of the ND-cubic cell. This implies that the Fourier Transform of the
Penrose tiling is made of Bragg peaks (Duneau and Katz, 1985; Elser, 1986; Katz
and Duneau, 1986).
Let us now show that, for the tilings obtained with the substitution (2), the rough
2D-surfaces project into domains whose sizes diverge when the number of iterations
increases. Any vertex of these tilings is transformed by g p into another vertex after
p iterations and the coordinates in the ND-space are transformed by GP,where G is
represented in the basis of the cubic lattice by M,. We can choose a basis of the

,.
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ND-space in which G is represented by the matrix
I

0 0
0 0
72

(4)
In

0
0

0 0
The last diagonal term of the matrix M k is zero. It corresponds to the 1D globally
invariant space A which contains the diagonal of the hyper-cube. Thus the sum m,
of the indices is null for all the vertices which are obtained by the inflation of the
vertices at the previous substitution.
The 2 x 2 block y , corresponds to El and represents the similarity g: as said
above the growing factor of the tiling is 8, the scaling factor of g.
More generally each 2 x 2 block ificorresponds to a globally invariant plane Ei
and represents a similarity of scaling factor 8,equal to 2 I sin(nni/N)I. Thus for any odd
symmetry N( > 3) there are always, at least, two scaling factors greater than one: 8,
which corresponds to the inflation factor in E" and another one which corresponds
to an inflation in the perpendicular space (8, for N = 5 and, for instance, 8, for
N 2 7). Therefore, for an infinite tiling (i.e. when the iteration p -+ a),
the vertices in
perpendicular space are not included in a finite domain.
For a tiling with .V vertices whose corresponding components in a 2D perpendicular space Eiare the vertices XI,
we can compute the mean-square width of the vertex
distribution in perpendicular space Ei:

In five-fold tilings obtained after a large number of substitutions, Figure 7 shows
that hZ increases with "1" as:
h2 = cYt*"
(6)
where c is some constant and the exponent is x = In Oz/ln8, 'Y 0.2516. This is
in contrast with the quasicrystalline tilings where h2 tends to a constant or with the
random tilings where the phason fluctuation ( h 2 ) grows logarithmically (Widom,
Deng and Henley, 1989; Strandburg, Tang and Jaric, 1989; Strandburg, 1989). The
sequences of tilings obtained by the substitution described here tend to tilings that
we can call quasi-quasicrystals.

4 ID QUASI-QUASICRYSTALS
The Fibonacci sequence is a 1D prototype of quasicrystals and is analogous to the
Penrose tiling. We introduce 1D sequences which, in the same way. are analogous
to the quasi-quasicrystalline tilings described above.
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Figure 7 For the five-fold quasi-quasicrystalline tilings Ty’, mean-square width, h2, of the vertex
distribution in perpendicular space E, versus the number, N , of tiles at iterations p = 1 to 13. The thin
line is the straight-line of slope ct = In B2/ln 8, which is drawn through the last point (corresponding to
N = 21 312500 tiles).

+

The 1D sequences analogous to the (2n 1)-fold tilings are made with a set of n
segments { Ti},=
l , n . We define the following substitution rule:

T + Tq-iT,,+l-iq (fori c n)

(7)
T,+T,T,T
The matrix M (Eq. 1) gives the relation between the number of segments before
and after one substitution (with the renumbering: [n, 1, n - 1,2,.. .] + [l, 2,3,4, . ..I).
To each vertex of a sequence is associated a set of n integers mi which defines its
m,ei, where e, is the length of the segment Ti.These indices are
position x =
the coordinates of a vertex of a nD hypercubic lattice. Thus any sequence corresponds,
in the nD space, to a staircase curve made of segments parallel to the hypercubic
axes. The matrix M also transforms the indices of a vertex which belongs to
a sequence into the indices of a vertex which belongs to the new sequence
obtained after one substitution. The eigenvalues of matrix M are O i= OF =
4 sin2[nni/(2n + l)] and let us call Eithe corresponding 1D eigenspaces.
0,is the largest eigenvalue and E l can be identified with the tiling space. The
lengths e, of the segments are the lengths of the projections onto El of the hypercubic
lattice basis and are proportional to sin[2ni/(2n + l)]. The scaling factor of the
sequence is 0 = 0, = 0 2 , i.e., the square of the 2D tiling scaling factor.
On the other hand, after each substitution, the initial and final projections of the
staircase curves onto any eigenspace scale with the corresponding eigenvalue. Since,
besides 0 , . at least one of the other eigenvalues is larger than unity, the projection
of the staircase curve onto the corresponding eigenspace covers a domain with an
increasing size. Therefore the staircase curve is not included in a strip parallel to E l
with a bounded width.
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Examples of such non quasicrystalline 1D structures obtained by substitution rules
have already been given. Bombieri and Taylor (1986, 1987), have discussed the
existence of Bragg peaks in the diffraction spectrum depending on the number of
eigenvalues of the substitution matrix which have a modulus larger than unity.
Godreche and Luck (1990) have conjectured that, generically, when this number
is larger than one the diffraction spectrum is singular continuous.
We now discuss in more details the case n = 2. Let us call L the segment TI and
S the segment T 2 .With these notations the substitution rule (7) becomes:

L + LLSL
s + SLS
Figure 8 shows in the 2D hyper-space the staircase curve which corresponds to
the sequence obtained by iteration of this substitution rule starting from one L
segment.
The Fibonacci sequence can be obtained with the substitution rule:

L+LS

Is+L

(9)

The matrix M relates the numbers -VL and A, of L and S segments before
and after one substitution (8):

Figure 8 Representation in the plane of a quasi-quasicrystalline sequence made of two segments which
are the projections, onto the physical space El', of the horizontal and vertical unit square edges.
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while for the Fibonacci sequence we have the relation:

Both substitution matrices have the same eigenspaces, the lines El = Ell and
E, = E l . Therefore the lengths of the segments L and S are the same in both cases,
i.e., respectively proportional to z and 1, where z is the golden ratio 2 cos(n/5) =
(1 &2.
The ratio NL/Nsalso tends to the same limit z in both cases when the
number of substitutions tends to infinity.
However the eigenvalues are equal to 0, = z + 2 N 3.618 and 0, = 3 - z 2: 1.382
in the quasi-quasicrystal case, while they are equal to z N 1.618 and 1 - z N -0.618
in the Fibonacci case. The projection of the staircase curve onto the perpendicular
, not contained in a bounded domain in
space E l , which is characterized by 1021is
the quasi-quasicrystal case since J0,l > 1; in the Fibonacci case (lO,J < l), this
projection is contained in a segment which is the projection of a unit cell of the
square lattice onto E l .
To describe more precisely the perpendicular space behavior of the quasi-quasicrystalline sequence, let us introduce the density pp(x') of the vertices x* in E l
which are the projections of the vertices of the staircase curve after p substitutions
starting from one initial segment. One can show that the moment of order r of the
distribution p,(x'-)/Np varies like
when p + 00. In particular the mean-square

+

1

7
--I

.Lcr
L

2

0

-2

-1

?t

0

Figure 9 Distributions
of the variable 5' =XI/@;.
The value of x' are the perpendicular
coordinates corresponding to the vertices of the quasi-quasicrystallinesequence of L and S segments; the
sequences are obtained by applying the substitution [ L + LLSL, S + SLSJ to one initial L segment p
times; O2 = 3 - T is the eigenvalue corresponding to the eigenspace E l . The distributions are represented
at iterations p equal to 6 (+), 7 (x), 8 (*), 9 (0) and 10 (continuous curve).
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width h2 increases like A/', where a = 2 In @,fin 0,= 0.5031. Figure 9 shows that
the distribution of the reduced variable t' = x'/@l; tends to a limit distribution l-(tL).
5

CONCLUSION

In this paper we have shown that binary tilings can be generalized to any odd
symmetry. In these tilings the vertices fall into two classes according to corner angles
values and also fall into three classes according to the values of their indices sum.
These properties allow the decoration of the tiles by particles or spins on the vertices.
A special class of tilings obtained by iteration of a substitution rule has been
introduced. While they are made with the same tiles as the quasiperiodic tilings, we
have shown that they are not quasiperiodic. They correspond to unbounded covering
of some perpendicular spaces and we have called them quasi-quasicrystals.
We have studied one dimensional sequences closely related to these two dimensional tilings. In particular, using the two segments of the Fibonacci sequences we can
build quasi-quasicrystalline sequences with the same frequencies of the segments as in
the Fibonacci case. The distribution of perpendicular coordinates, properly reduced
by a factor which exponentially increases with the iteration number, approaches a
limit distribution.
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